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Abstract— A new repetitive synchronization signal structure is 
proposed for wireless communication systems. A corresponding 
joint maximum likelihood detection algorithm that uses the 
proposed synchronization signals is provided. The joint 
maximum likelihood detection algorithm combines the 
advantages of non-coherent and coherent maximum likelihood 
detection algorithms. The performance of our approach is 
evaluated and compared to other existing algorithms.  
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I.  INTRODUCTION 
In order for a wireless communications system to receive 

downlink data properly, the mobile terminal first needs to 
acquire the downlink timing and carrier frequency offset. The 
acquisition of downlink timing and frequency offset is usually 
called synchronization or cell search.  

In the past few years, extensive research has been done on 
time and frequency synchronization in wireless 
communication systems [1-9]. Synchronization signals with 
repetition blocks in the time domain have been used with auto-
correlation based timing and frequency detection algorithms 
[3-8]. Synchronization signals with a non-repetitive pattern 
and a cross-correlation based detection algorithm have also 
been proposed in [1-2]. These signal structures and their 
corresponding detection algorithms all have their design 
limitations and performance trade-offs. In this paper, we 
propose a new method to generate synchronization signals 
with a repetitive pattern to overcome the design limitations of 
these methods. We also apply a joint maximum likelihood 
(ML) detection algorithm to acquire timing and frequency 
offset. 

The rest of the paper is organized as follows. In Section II, 
the system model of synchronization is described and 
formulated. In Section III, a new synchronization signal 
structure is proposed. A corresponding joint maximum 
likelihood detection algorithm that uses the proposed 
synchronization signals is described. The numerical results are 
obtained and discussed in Section IV. Finally, conclusions are 
drawn in Section V.  

II. SYSTEM MODEL 
In this section, we consider the generic synchronization 

(sync) signal structure. First, we define the following 
notations: ( )T stands for transport operation, ( )H stands for 
Hermitian operation, ⊗ stands for matrix Kronecker product, 
and μT  stands for shift operator with a shift of μ . Without 
loss of generality, we assume that the transmitted data consists 
of a data sequence of length P followed by a sync signal of 
length K, as shown in Figure 1. Let N denote the frame length. 
The transmitted frame signal vector TT

KN
T ][ −= dsx , where 

[ ]TKss 10 ,, −= Ks is the sync signal and KN−d = 

[ ]TNK dd 1,, −K is the transmitted data symbol vector with a 
length of KN − . In practice, sync signals are usually limited to 
those with symmetric signal constellations and unit energy, 
i.e., only those that use M-PSK constellations. Let μ denote 
the downlink timing. Let θ denote the normalized carrier 
frequency offset with a uniform distribution between 
[ ]mm θθ ,,K− , where mθ  is the maximum normalized 
frequency offset.  

The observed received signal vector of length N , denoted 
as y , is expressed as   

wxy += μϕ TD ,            (1) 

where },,{ )1(22 θπθπ −+= Nkjkj
D eediag Kφ is a vector of size 

N and w  is AWGN with variance 0N . In the synchronization 
process, the mobile terminal detects timing μ  and frequency 

offset θ  from the N received samples { }110 ,,, −Nyyy K .  

III. COHERENT ML ESTIMATOR 
Suppose that the received sync signal starts at the µth 

sample of received N samples, as shown in Figure 1. Then, the 
conditional probability density function (pdf) of received 
signal y , given μ ,θ  and KN−d , can be expressed as 



)det(
),,(

)()( 1

w
N

TERTE

KN
R

ep
Dsw

H
Ds

π
θμ

μμ xφyxφy
dy

−−−

−

−

=  

                     N
o

N

TNE

N
e Dos

π

μ 2
/ xφy−−

= ,            (2) 

where { }ww H
w ER =  is the autocorrelation matrix of w . The 

coherent maximum likelihood estimate of μ and θ  is 
equivalent to the maximization of the conditional pdf of 
received signal y , i.e., ),,( KNp −dy θμ , with respect to μ ,θ  
and KN−d .  

After taking the logarithm on both sides of (2) and dropping 
terms independent of μ andθ , the log likelihood function is 
written as  
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where we have { }10 ,, −= KK yy Ky , { }1,, −− = NKKN yy Ky , 

KD,φ = },,{ )1(22 θπθπ −+Kkjkj eediag K , and KND −,φ = 

},,{ )1(2)(2 θπθπ −++ NkjKkj eediag K .  

We assume that transmitted data kd is uniformly 
distributed. After averaging the second term of (3) over all 
possible data sequences, the function can be rewritten as 

( ){ }KN
H

KNKND T −−− ydφ μ
,Re = ( ){ }ydφ μTH

DRe -  

        ( ){ }K
H

KKD T ydφ μ
,Re ,        (4) 

where { }θπθπ )1(,, −= Kjkj
K ee Kφ . Applying (4) to (3), and 

dropping the term ( ){ }ydφ μTH
NDRe  because it is independent 

of μ  and θ  for any transmitted data sequence d , the coherent 
ML estimate of μ  and θ  in (3) is equivalent to the 
maximization of the likelihood function below: 
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where Kz denotes the subvector { }10 , −Kzz K of observed 

received signals yz μT= . Note that when frequency offset θ  
is not present, (5) becomes the same as the coherent ML 
estimator in [1-2].  

In order to acquire the time and frequency offset using the 
ML estimator in (5), μ  and θ  have to be estimated jointly. 
This can be achieved by using an algorithm with extensive 
complexity such as the EM algorithm [9]. Alternatively, a non-

coherent ML estimator [2] can be used to avoid the joint 
estimation of μ  andθ ; this reduces the estimation parameter to 
one, e.g., timing μ . However, each of these algorithms has its 
own inherent trade-off in terms of complexity and 
performance. They are either unable to achieve the optimal 
performance or they suffer performance degradation under low 
SNR.  This motivates us to design a more efficient approach.  

IV. PROPOSED SYNC SIGNAL STRUCTURE AND JOINT ML 
ESTIMATOR 

In this paper, we propose an alternative to the joint 
estimation approach. The proposed estimation algorithm relies 
on the particular sync signal structure we first proposed in [11] 
for an OFDMA based system and further extend in this paper 
for any generic wireless communications system.  

A. Proposed sync signal structure 
It is known that a synchronization signal with 2 repetitions 

[3] results in a plateau in the timing detection metric, which 
causes poor timing localization. It was shown in [4] that a 
larger number of repetitions (>2) can mitigate the problem, and 
a theoretical performance analysis was provided in [5].  

To address this issue (plateau in detection metric), we 
propose a method to generate repetition blocks in the time 
domain different from the one proposed in [3-5].  A new sync 
signal structure ][ 4/4/4/4/ KKKK BABA −=s  where 

sequences A  and B  meet the condition that { } 0=BAE H  was 
proposed in [11], as shown in Figure 2. One of special cases is 

to let )
4

()( kKAkB −= , i.e., to let sequence B  be symmetrical to 

sequence A  [6]. The key advantage of the proposed method is 
that it not only eliminates the plateau in the timing detection 
metric but also provides a sharper peak than the sync signal 

][ 4/4/4/4/ KKKK AAAA −  defined in [4]. 

B. Proposed joint ML estimator  
The joint ML estimation consists of two steps: a non-

coherent ML estimator is used first, and a coherent ML 
estimator is used second. To reduce the two-dimensional 
estimation into one-dimensional estimation (timing offset 
only), the frequency offset θ  is estimated in the first step 
before the coherent ML estimator is used in the second step. 

Step 1: The conditional probability density function of 
received signal is given by 
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which yields the non-coherent log-likelihood function, given as 

zz zz
11detln)ln(),( −− −−−= RRL HKNC πθμ .            (7) 

The maximization of the non-coherent log-likelihood 
function in (7) is equivalent to the minimization of the 
following cost function   



( ) zz z
1

,
minarg, −−=Λ RHNC

θμ
θμ ,             (8)  

where IRR H
DD += φφ xz . As we further analyze 1detln −
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becomes obvious that it is independent of μ ,θ . Therefore, the 
term 1detln −

zR is dropped in (8). Furthermore, by using linear 

algebra, the ), ( θμNCΛ  can be rewritten as 
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To solve ), ( θμNCΛ , we need to examine the inverse matrix 
of Iφφ xz o

H
DD NRR += . If Ix =R (i.e., no sync signal structure 

is used), then Iφφz o
H
DDs NER += I)( os NE += . Hence, no 

prior information can be obtained from the non-coherent 
estimator without using a sync signal structure. The 
autocorrelation function of the proposed sync signal is given by 

{ })()()( * mkzkzEmz +=ζ  
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Based on (10), the autocorrelation of zR can be expressed as  
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where KNosKN INE −− += )(Ψ , 
SNR

SNR
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We know that the inverse matrix of zR is equal 

to [ ]11, −
−

−
KNKdiag ΨΨ . Therefore, 1−

KΨ can be expressed as 
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Using (11-13), (9) can be rewritten as 
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The term zz H is dropped in (14) because it is independent 

of μ  andθ . To estimate μ  andθ , the non-coherent likelihood 
function is applied over a window of length K  instead of 
length N . Let β  denote )1/()( 2ρ−+ os NE . Using (13), (14) 
can be further simplified as 
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where { })(4/, kzz Km =  and 1
44

)1( −≤≤−
KmkKm . Hence, using 

the non-coherent ML estimator, the timing offset is estimated 
as 
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In the case of high SNR, we have 1→ρ . Then, NCμ̂ can be 
approximated as  

4/,44/,24/,34/,1ˆ K
H

KK
H

K
NC zzzz −=μ .                                    (17) 

Therefore, the estimation of NCμ̂ in the case of high SNR does 
not require the SNR estimation. Instead, the estimation of 

NCμ̂  is based on the auto-correlation of received signals, as in 
(17). However, the timing offset estimator NCμ̂ is not optimal. 
An alternative timing offset estimator is expressed as  
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where 4/,
~

Kmz stands for the symmetrical vector of 4/,Kmz , i.e., 

)
4

()(~ kKzkz −= . In the meantime, using the non-coherent ML 

estimator, the frequency offset is estimated as 
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K
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π
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where }arg{x is the phase of a complex number x .  

Step 2: In this step, the value of the frequency offset 
NCθ̂ obtained in step 1 is plugged into the coherent ML 



estimator in (5). Therefore, using the coherent ML estimator, 
the timing offset is estimated as 
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where },,{ˆ ˆ2ˆ2
,

θπθπ Kjj
KD eediag K=φ  is the diagonal matrix of 

the estimated phase NCθ̂  . 

In a special case where Kd is QPSK modulated, (20) can be 
expressed as 

( ){ } }Re{ˆRe , KK
H
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In this case, (21) can be interpreted as the cross-correlation 
based estimator proposed in [1-2].   

V. PERFORMANCE ANALYSIS AND NUMERICAL RESULTS 
In this section, we evaluate several estimators using 

corresponding sync signal structures proposed by [3-6]. The 
timing and frequency offset, based on the sync signal structure 
with two repetitions proposed by Schmidt [3], are expressed as  

2/,22/,1Schmidtˆ K
H

K zz=μ ,           (22) 

)arg(1ˆ 2/,22/,1Schmidt K
H

KK
zz
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The timing and frequency offset, based on the sync signal 
structure with four repetitions proposed by Minn [4] and Shi 
[5], are given by 
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 The performance of the timing and frequency detection 
algorithms using corresponding sync signals structures were 
simulated and compared. Simulation parameters are 
summarized in Table 1. A Frank sequence [10] is used as the 
basic sequence to build the sync signals. We assume that the 
accumulation length for timing and frequency offset acquisition 
is one radio frame (10 msec) [12]. 

TABLE I.  SYNCHRONIZATION CHANNEL SIMULATION PARAMETERS 

Transmission BW 1.25 MHz 
Carrier frequency 2 GHz 

FFT Size 128 
Data symbol length 384 

Length of synchronization sequence  64 
Number of sync symbols per 10 msec frame 4 

Carrier frequency offset +/- 3 ppm 
Channel Model AGWN 

 

For the purposes of fair comparison, the same Ep/N0 is 
assumed for all the methods (different sync symbol structures). 
Timing and frequency offset detection are considered to be 
successful if the acquired timing falls within the duration of +/- 
1 sample and frequency offset is corrected.  

The miss detection probabilities of the non-coherent ML 
estimation algorithms using existing and proposed sync signal 
structures are plotted in Figure 3. Among non-coherent ML 
estimation algorithms, the algorithm using our proposed sync 
symbol ][ 4/4/4/4/ NNNN BABA −  yields the best performance, 
followed by the algorithm using Shi’s estimator with a 
degradation of about 2 dB at 10% miss detection probability.    

The miss detection probabilities of the coherent ML 
estimation algorithms using existing and proposed sync signal 
structures are plotted in Figure 4. As the numerical results 
show, the joint coherent estimation using our proposed sync 
signal structure ][ 4/4/4/4/ NNNN BABA −  yields the best 
synchronization performance, followed by Shi’s estimator with 
a degradation of about 1 dB at 10% miss detection probability.    

We further compare the miss detection probabilities of non-
coherent and joint coherent ML estimations in Figures 3 and 4 
It is not surprising that non-coherent ML estimation has about 8 
dB performance degradation compared to joint coherent ML 
estimation at 10% miss detection probability. This is because 
the timing detection metric of non-coherent ML estimation has 
noise correlation term. Therefore, it is sensitive to noise and 
has poor localizability. 

VI. CONCLUSION 
In this paper, we have discussed time and frequency 

synchronization issues in wireless communication systems. A 
synchronization signal structure we proposed in an earlier work 
is extended further.  We propose a joint coherent ML 
estimation algorithm to take advantage of the synchronization 
signal structure. Performance of the proposed joint coherent 
ML estimation is simulated and compared to other estimators. 
It is observed that our proposed method yields better time and 
frequency acquisition performance than other methods. 
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Figure 1: Transmitted and corresponding received data in the 
synchronization window. 
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Figure 2: Proposed synchronization signal structure. 
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Figure 3: Miss detection probabilities of non-coherent ML 

estimations. 
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Figure 4: Miss detection probabilities of joint coherent ML 

estimations. 

 


